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On the Mellin transforms of hypergeometric polynomials
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Abstract. Mellin integral transform pairs for all hypergeometric orthogonal polynomials in the
Askey scheme, ranging from the classical Hermite polynomials up to the four-parameter Wilson
polynomials, are systematically discussed.

1. Introduction

Integral transforms are an extensively used tool in solving various boundary value problems
and integral equations. Recently, it has become clear that the classical integral transforms may
also help us in revealing close relations between cettespecial functions. For example,
variousg-special functions exhibit simple behaviour with respect to the Fourier—Gauss integral
transform although this transform is based ongfindependent exponential kernel. Instances
of already known transforms of this type reveal novel relations between some polynomial
families (such as thg-Hermite and; ~1-Hermite [1], the Rogers—-Szé@nd Stieltjes—Wigert
[2], and theg-Laguerre and Wall polynomials [3})-exponential functions [4,5] ang-Bessel
functions of Jackson [3].

To continue this line of research, we wish to discuss the Mellin integral transforms of
hypergeometric orthogonal polynomials from the Askey scheme [6].

The Mellin integral transform is given by (see, for example, [7, 8])

g(@) =M{f(t): z} = fo f@rtdr, (1.1

As follows from the definition (1.1) the Mellin transforms of the functiorig () and
d" f(¢)/dt" areg(z+c) and(—1)"(z —n),g(z —n), respectively, where), = I'(z+n)/ I'(2),

n=20,12,...,isthe shifted factorial. Consequently,
dn
M{tk d];y);z} =(-D"(z+k—n),g(z+k—n) k,n=0,1,2,... (1.2)

and this means that if a functiofi(z) satisfies some differential equation with polynomial
coefficients inz, then its Mellin transforng(z) is governed by a difference equation in the
variablez, which is determined by the correspondence (1.2). Thus, (1.1) provides a general
route for establishing integral transforms between solutions of differential and difference
equations.
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A simple example of (1.1) is given by the Mellin transform of ghich is just the gamma
function:

I'(z) ;= / e r* Ldr Rez > 0. (1.3)
0

Itis clear that the Mellin transform of étimes any polynomial im gives a polynomial of
the same degree in multiplied by the gamma functiofn(z). Indeed, ifp, (1) = Y} _, it
is some polynomial in the variablethen

pa()e” ' dr = cn,kf e A =T() ) . (1.4)

The inverse Mellin transform with respect to (1.3) is
1 oo
—/ t7r(z)dimz = e’ t>0. (1.5)
2 J_

To verify (1.5), multiply both sides of (1.3) by %, > 0, and integrate it with respect to I
in infinite limits (—oo, 0o) by using the following property
S(x — xy) , de (x)
8[p (x)] Z PR o0 ==
of thes-function, wherex, are zeros of the equati@i(x) = 0.

Observe that the inverse Mellin transform oz + k), wherek is any positive integer
number, yields*e~ in complete agreement with the general correspondence rule (1.2) for the
case whem = 0.

These properties of the Mellin transform (1.3) are known (see, for example, formulae (11)
on p 337 and (27) on p 365 in [8]) and the relations (1.3)—(1.5) are sufficient to define the
Mellin transform pairs for the hypergeometric orthogonal polynomials up to the third level in
the Askey scheme [6]. Their explicit forms are discussed in sections 2—4.

It is more difficult to find the Mellin transform pairs for the family of dual Hahn
polynomials (the fourth level) and the Wilson polynomials (the fifth level). In order to do
so we need to know the Mellin transform pairs for the functio@)I'(z*) = |T'(z)|%. With
the aid of (1.3) and (1.6) it is not hard to evaluate that

1 (> _, 2 _ I'(2Rez)
Of course, the Mellin transform of the right-hand side of (1.7) reprodiices|?. Indeed, to
verify that

(1.6)

0 z—1
F(2Rez)/0 (;T)‘j;ez = I (2Re2)B(z, ) = T()T (") (1.8)
one needs only to employ the well-known integral representation
B(z,0) = /Oo e Rez >0, Re; >0 (1.9)
o (Q+n)

for the beta functiorB(z, ¢) and the relatiorB(z, ) = I'(2)['(¢)/ T'(z + ).

The explicit forms (which are possibly new) of the Mellin transform pairs for the family
of dual Hahn and the Wilson polynomials, obtained by using the relation (1.7), are discussed
in sections 5 and 6, respectively.

This paper is thus aimed at assembling Mellin transform pairs andg(z) among all
hypergeometric orthogonal polynomials from the Askey scheme [6], ranging from the classical
Hermite polynomials up to the four-parameter Wilson polynomials.
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2. The first level: the Hermite polynomials

The lowest level in the Askey scheme of hypergeometric orthogonal polynomials corresponds
to the classical Hermite polynomials

H,(x) i= (20)"2Fo(=n/2, —=(n — 1)/2; =1/x?). (2.1)

It is thus natural to start with the Mellin transform féf, (ar)e™".

Depending on whetheris even or odd, the Hermite polynomials (2.1) contain only even
or odd powers of, respectively. Therefore, itis convenient to evaluate their Mellin transforms
by using the formulae

. <2n> 15\ @IS () x
Hy(x) = (-D)"——1h (—n, 5% > =(-D'— Y Z O o (2.22)
I
Hpa(r) = (1 Z o0 gy (‘n; 3 xz) EEVICACIPYS Sl L ey
n! 2 = G K
From (2.2:) it now follows that
> -1 —! (211) 1 2
t* “Ho,(at)e™ ' dt = (—=1)" sF1 | —n,z/2,(z+1)/2, > 4a° ) T'(2) (2.39)
0
upon employing the dupllcatlon formula
22z—l 1
r = reor|z+= 24
(22) NG (2) (z 2) (2.4)
for the gamma functiof (z). Similarly, from (2.2) one obtains that
/ [ZilH2n+1(al)eit dr = (— 1)" (2n 1) 3 <—}’l, 1 +Z/2, (z+ 1)/2, g; 4a2> I'(z).
0
(2.30)
Thus, the Mellin transform off, (az)e™" has the form
/ 1“7 H, (at)e " dt = g,(z; 2a)T'(2) (2.5)
0
where
_ n( ) . 1 2
g2n(z;a) = (=1) sF1|—n.z/2,(z+1)/2; 534 (2.63)

(2n 1!
|

gom+1(z; a) = (=1)" az 3k, (—n, 1+z/2,(z+1)/2; g; a2> . (2.6b)

Observe thag, (z; a) are polynomials ofith degree in both the variabieand the parameter.
Since the Hermite polynomials (2.1) satisfy a second-order differential equation

o2 d
[J — Zxd— + Zn] H,(x)=0 (2.7)

from the correspondence rule (1.2) it follows that the polynomygls; a) are solutions of the
difference equation

{2 [1 - exp(—d%ﬂz +a’z [1 — exp(d%ﬂ +na2} gn(z;a)=0  (2.8)

with respect to the variable
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3. The second level: the Laguerre and the Charlier polynomials

The second level in the Askey scheme of hypergeometric orthogonal polynomials corresponds
to the Laguerre and the Charlier polynomials, which depend on one parameter.

The Laguerre polynomials. We start with a Mellin transform pair for the Laguerre
polynomials, which are defined as

(¢ + 1), (@+ 1), K~ (—n) 2
L®(z) = F: +1; —. 3.1
n (2) o1 1(—n; a 7) = py ;(a+l)kk! (3.1)
The Laguerre polynomials (3.1) satisfy a second-order differential equation
d? d
—— 4+ (a+tl—7)—+ @7y =0, )
|:Zd22 (xt1l—2) iz n} LY (z)=0 3.2
The Mellin transform ofL.* (ar)e™" is
o0 1 n
/ L (at)r* e dr = @+1) oFi(—n, z; 0+ L o) (2). (3.3)
0 I’l

This follows from the definition (3.1) upon employing the integral representation (1.3) for the
gamma functiorl (z).

The hypergeometric polynomial#; in the right-hand side of (3.3) are in fact the Meixner—
Pollaczek polynomials

2v), i
P (y; ¢) = ( v) ——E" yFy(—n, v +iy; 2v; 1 — €7%9)

(ZV)n gino (—n) (v +iy)g
Z (2v)k!
which depend on two parametersand¢ and therefore correspond to the third level in the

Askey scheme [6].
Thus from (3.3) and (3.4) we obtain that

(1 — g2y (3.4)

/ LI (1 - e te dt =e PR (Imz; )T (). (3.5)
0

The inverse Mellin transform with respect to (3.5) is

o 12 PREI(Imz; p)T(z) dIimz = € LRED (1 — e 2¢)p)e . (3.6)

T

As a consistency check one can combine (3.5) and (3.6) with generating functions for
the Laguerre and Meixner—Pollaczek polynomials to obtain a Mellin transform for the Bessel
function J, (z). Indeed, these generating functions are of the form

N " @ () — (r1)-2/2 _

; e+l L (x) = (xt) elJ, (2«/xt> a>-—-1 3.7)
and

o €)" L) i ~2i¢

Z ——— PV (x;¢) =€ 1Fi[v +ix; 2v; (e — 1ye]. (3.8)

= (2v),

Multiplying both sides of (3.5) by"€"@~7/2 /2" (2Rez), and summing ovet from zero to
infinity with the aid of (3.7) and (3.8), yields an integral transform

0 v+
f Y2, Vxne T dr = %x” Y2 1 Fyi(v —iy; 25 x) (3.9)
0
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wherev = Rez andy = Im z.
In a similar manner, from (3.6) follows the inverse integral transform

1 [
> f 7T (v +iy) Fi(v —iy; 2v; x) dy = Tu)x Y2t Y2e " 1,4 (Zx/xt) . (3.10)
T J_c0

The change of the variable¥? — ¢, x%/2 — x, and the shift of the parameter— v + 3 in
(3.9) lead to an integral transform

F(v+iy+
WHY ) g V(v — iy + 120+ 1522 (3.11)

o gy ene = LTV )
/ot a(2ne” di = 2o )

that is contained in [8, 9].
We close this subsection by the following remark. The Meixner—Pollaczek polynomials
(3.4) are known to be solutions of the difference equation

{ei"’(v —ix) exp(ii> —e (v +ix) exp(—ii> + 2i[x cosp — (n +v) sinqb]}
dx dx
xP™M(x; ¢) = 0. (3.12)

One may verify that the differential equation (3.2) for the Laguerre polynomials (3.1) and
the difference equation (3.12) are thus interrelated by the Mellin transforms (3.5) and (3.6) in
complete agreement with the correspondence rule (1.2).

The Charlier polynomials. The Charlier polynomial€’,, (x; a) are defined as

)k( M (=X

Ca(x; @) 1= 2Fo(—n, —x; —1/a) = Z( D

(3.13)

They satisfy the difference equation
d d
aexpl — | +xexp| — ) +n—x —a|C,(x;a) =0. (3.14)
dx dx
From (1.4) and (3.13) follows that the inverse Mellin transforn€f—z; a)I'(z) is
Y _
2—/ t72Cy(—~z; )T (z)dimz = (1 +t/a)"e”’ (3.15)
T J o0

where we have used the relatioan);, = (—1)"(Z)k!. In other words,C,,(—z; a)I'(z) is the
Mellin transform of the simple expressidqh +/a)"e~'. According to the correspondence
rule (1.2), the difference equation (3.14) and the inverse Mellin transform (3.15) lead to the
first-order differential equation

|:(t +a)% — n] 1+t/a)" =0 (3.16)

satisfied by theith power of the binomial 1 +/a.

4. The third level: the Jacobi and the Meixner polynomials

The third level in the Askey scheme of hypergeometric orthogonal polynomials [6] corresponds
to the Meixner—Pollaczek, Jacobi, Meixner and Kravchuk polynomials, which depend on two

parameters. As we have shown in the previous section, the Meixner—Pollaczek polynomials
are related by the Mellin transform with the Laguerre polynomials.
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The Jacobi polynomials. A two-parameter family of the Jacobi polynomials is defined by

+1), 1-—
Pl @) = C 2y <‘n, ntatprlotl — Z)
n:
(a+ 1), - (—n)i(n+ta+pB+1) k
— 1-— )k, 4.1
nl k; P r, LY (4.1)
These polynomials satisfy a second-order differential equation of the form
2, O d @pB)
A-z)—=+[—a—(a+B+2z] —+nn+a+p+1); P, (z) =0. 4.2)
dz? dz
Using the definition (4.1) and the integral representation (1.3), it is not hard to evaluate that
(a+1),

o0
/ PP (1 —2xt)rte dr = sFi(—n,z,n+a+B+La+1Lx)[(z). (4.3)
0

n!
The inverse Mellin transform of (4.3) is
1 (> ]
— [ R zntatprla+Lol@dim: = ——— pEP (1 2ue.
2r J_ (¢ + 1),
(4.4)

Thus, as in the case of the Laguerre polynomials, the Mellin transforms (4.3) and (4.4)
connect the third level in the hierarchical ladder of hypergeometric orthogonal polynomials [6]
with the next one.

Note that the Jacobi polynomials (4.1) with particular values of the parametang 8

are known to correspond to: the Gegenbauer (or ultraspherical) polynafijia(s), when
a=8=Ar— %; the Chebyshev polynomials of the firBt(x) and the second, (x) kind,
fa=p8= —% anda = 8 = % respectively; and the Legendre (or spherical) polynomials
P,(x), whena = B8 = 0. The Mellin transforms (4.3) and (4.4) therefore contain all these
special cases of the Jacobi polynomials.

The Meixner and the Kravchuk polynomialsThe Meixner polynomialsVi, (z; 8, ¢) are
defined by

M,(z; B, c) = 2F1(—z, —n; B; 1 —1/¢). (4.5)
Since they satisfy the difference equation
[C(z +p) eXp(d—dZ> +z eXD(—d%)} M, (z; B, ¢) = [(c+ Dz +n(c — 1) + Bc]M,(z; B, ¢)
(4.6)

we need to evaluate the inverse Mellin transform of Mig—z; 8, ¢)I"(z) (cf (3.15)). From
(1.4) and (4.5) it follows that

l o0
o / My (=2 B, T (@) dimz = 1F1 (—n: B (1 — 1jc)nye™

n!

= LBV -1/e)n)e™. 4.7
B " / *.7)

It remains only to remind the reader that the Kravchuk polynomials
K.(z; p, N) := 2F1(—z,—n; —N; 1/p) n=01...,N (4.8)

can be obtained from the Meixner polynomials (4.5) by substituing —N andc¢ =
p/(p—1D.



Letter to the Editor L39
5. The fourth level: the continuous Hahn and the dual Hahn polynomials

The fourth level in the Askey scheme of hypergeometric orthogonal polynomials is occupied
by the continuous Hahn, the Hahn, the continuous dual Hahn and the dual Hahn polynomials.

The continuous Hahn and the Hahn polynomialsthe evaluation of the inverse Mellin
transforms for the continuous Hahn polynomials [6, 10]
)
(—n)y(n+a+b+c+d— 1)y,

n —n, + +b+ +d—1’ +i
Mz abe.d)i= @+ ouatdy s (T TOTITOTE T At
! atc,a+td
i" n
T +i 5.1
@+ o), )g TR (@ +i2) (5.1)

and the Hahn polynomials
—n,n+ta+pf+1 —z
n 9 £ 7N-:F 1 5.2
T T (AR Y 52

can be easily performed in exactly the same way as for the polynomials from the previous two
levels. The result is

1 o0 :
> =B (yia, b, e, d)T(a +iy)dy
T J-—
i —n,n+a+b+c+d—-1 i

_E(a+c)n(a+d)n2F2< atea+d ‘t)e (5.3)
and
: foo”zQ< co B NP dimz =B (TP e (5.4)
27_[ o n Z5C{7 ’ Z Z_ZZ a+1,—N .

respectively.
The correspondence rule (1.2) transforms the difference equation
[(@a+iz)(b+ iz)(e_id% —D+(c—ix)d— iz)(eid% — D]h,(z;a,b,c,d)
=n(n+a+b+c+d—1Vh,(z;a,b,c,d) (5.5)
for the continuous Hahn polynomials (5.1) into a third-order differential equation

, a3 d?
{t @+[2a+c+d+l—t]t@+[(a+c)(a+d)

d
—(a+b+c+al)t]a +n(n+a+b+c+d—1)}

— +a+b+c+d—1
)Py (Ao 1) =0 (5.6)
atc,a+td

in the variabler. The, F>-polynomials in (5.4) satisfy the same type of differential equation,

which is readily obtained from (5.6) by the substitutiens ¢ - ¢« +1,a +d — —N, and
atb+tc+td > a+p+2.

The continuous dual Hahn and the dual Hahn polynomial$he situation with the two
remaining families at the fourth level is a little different. The point is that the continuous dual
Hahn and the dual Hahn polynomials are defined [6] as

1> (5.7)

—n,a+ix,a —ix

Su(x* a, b, ) = (a+b)(a+)shs ( i +b.ato
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and

Rn()»(x);)/,ﬁ,N)=3Fz< n=012...,N

AxX)=x(x+y+5+1)

—n,—x,x+y+5+1‘l)

y+1 —N (5.8)

respectively. In both of these cases the dependence on the variable enters the product of two
shifted factorials(a + ix); and(a — ix);, or (—x); and (x + y + 8 + 1), respectively. To
evaluate the inverse Mellin transforms of (5.7), or (5.8), it is therefore necessary to use the
relation (1.7), rather than (1.5). Indeed, from (5.7) and (1.7) with the aid of the duplication
formula (2.4) one obtains

1 [ T' (2
_/ 2 8,((IM 2% a, b, L@ 2IM = (a+ by (a + )y )
27'[ —00 (1+t)2a 59
F —n,a,a+% 4 Re 0 (5.9)
X = > U.
32 a+b,a+c|(1+1)? t=a

Similarly, from (5.8) and (1.7) follows that the inverse Mellin transform of the dual Hahn
polynomials is

oo
— [ R.(—zl% v, 8, MIT(2)*dImz
21 J_o
_ T'(2Rep) ~n,Rez,Rez+3| 4 (5.10)
T @RI 41 N |1 +1)2

Im(y+8) =0 2Rez=y+46+1>0.

6. The fifth level: the Wilson and the Racah polynomials

The top level in the Askey scheme of hypergeometric orthogonal polynomials is occupied by
the Wilson and the Racah polynomials, which are defined [6] as

W, (x?% a.b,c.d) = (a+b),(a+c)(a+d),
—n,n+a+b+c+d—-1,a+ix,a —ix
X4F3
at+b,atc,a+d

1) (6.1)

and
R, O(x): . B . 8) F —n,nta+pB+l —x,x+y+5+1
n X))o, P, Y, ==
V.0 =ats w+ 1 BHs+ly+1 6.2)
n=012,...,N AMx)=x(x+y+5+1)

respectively.
From the relations (6.1) and (1.7) with the aid of the duplication formula (2.4) one obtains
the inverse Mellin transform

1 [ ; I
W, (% a,b, e, )T @+ iy)Pdy = (@+ b+ o) (a+ d»ﬁ

4
a +t)2> (6.3)

2 ) o

F —n,n+a+b+c+d—1,a,a+%
X
473 at+b,a+tc,a+d

for the Wilson polynomialg§Rea > 0).
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Similarly, from (6.2) and (1.7) follows that the inverse Mellin transform for the Racah
polynomials has the form

1 o0
> / 1R, (=|z% a, B, y, N)|T(z)[2dImz

I'(2Rez)
—n,n+a+p+1 Rez, Rez+1| 4
4F3( a+L B+8+1y+1 (1+t)2)

2Rez =y +§+1>0.

Discussions with V Kuznetsov, F Leyvraz, P Winternitzda B Wolf are gratefully
acknowledged. This work is partially supported by the UNAM-DGAPA project IN106595.
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